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THE SINGULARITY CATEGORIES OF THE
CLUSTER-TILTED ALGEBRAS OF DYNKIN TYPE
XINHONG CHEN, SHENGFEI GENG, AND MING LU†
Abstract. We use the stable categories of some selfinjective algebras
to describe the singularity categories of the cluster-tilted algebras of
Dynkin type. Furthermore, in this way, we settle the problem of singu-
larity equivalence classification of the cluster-tilted algebra of type A,
D and E respectively.
1. Introduction
Cluster algebras have been introduced by Fomin and Zelevinsky around
2000 [FZ]. In attempt to categorify cluster algebras, cluster categories have
been introduced by Buan, Marsh, Reiten, Reineke and Todorov in [BMRRT].
More precisely, the cluster category is associated with a finite dimensional
hereditary algebra H over a field K, and defined as the quotient CH of the
bounded derived category Db(modH) of finitely generated modules over H
by the functor Στ−1, where τ denotes the AR-translation and Σ denotes the
shift functor. The cluster category is triangulated [Ke], see also [CCS1] for
the cluster category of type An. In fact, the cluster categories are Calabi-Yau
of dimension two [BMRRT, Ke].
Importantly, in the categorification of cluster algebras, cluster tilting ob-
jects categorify clusters of the corresponding cluster algebras, and the com-
binatorics structure of cluster tilting objects is the same as the combinatorics
structure of the corresponding cluster algebras [CC, CK].
For a cluster tilting object T , its endomorphism algebra Γ = EndCH (T )
op
is called the cluster-tilted algebra [BMR1]. The module category of finitely
generated Γ-modules was explicitly described in [BMR1]. In particular, the
cluster-tilted algebra is a path algebra of a quiver with relations, and it
was proved that a cluster-tilted algebra of finite type is uniquely determined
by its quiver [BMR2]. Moreover, the relations were explicitly described in
[CCS2] for a cluster-tilted algebra of finite type. In fact, the quivers of the
cluster-tilted algebras of Dynkin type Q are precisely the ones obtained from
Q by performing finitely many quiver mutations.
The derived equivalence classification of cluster-tilted algebras of Dynkin
type has been settled by Buan and Vatne for cluster-tilted algebras of type
An [BV], and by Bastian, Holm and Ladkani for cluster-tilted algebras of
type E6, E7, E8[BHL1]. It turns out that two cluster-tilted algebras of type
An are derived equivalent if and only if their quivers have the same number of
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3-cycles; Two cluster-tilted algebra of Dynkin type E are derived equivalent
if and only if their Cartan matrices represent equivalent bilinear forms over
Z. This in turn happens if and only if the Cartan matrices of the algebras
have the same determinant and the same characteristic polynomial of their
asymmetry matrices. For Dynkin type Dn, Bastian, Holm and Ladkani
consider the mutations of quivers which preserve derived equivalences, and
get a far reaching derived equivalence classification and suggest standard
forms for the derived equivalence classes [BHL2].
For an algebra, we know that the singularity category is also an important
triangulated category. The singularity category of an algebra is defined to
be the Verdier quotient of the bounded derived category with respect to the
thick subcategory formed by complexes isomorphic to bounded complexes
of finitely generated projective modules [Bu, Ha, Or]. In this paper, we
address the problem of singularity equivalence classification of the cluster-
tilted algebra of Dynkin type. Furthermore, it was proved by Keller and
Reiten that the cluster-tilted algebras are Gorenstein of dimension at most
1 [KR]. A fundamental result of Buchweitz [Bu] and Happel [Ha] states that
for a Gorenstein algebra A, the singularity category is triangle equivalent to
the stable category of (maximal) Cohen-Macaulay (also called Gorenstein
projective) A-modules.
In this paper, we find some selfinjective algebra, whose stable category
is triangulated equivalent to the singularity category of the cluster-tilted
algebra of Dynkin type. For cluster-tilted algebras of type A, since they are
gentle algebras, it was settled by Kalck in [Ka]. We use the good mutation
defined in [BHL2] to give a direct proof, see Corollary 3.8. For type D,
using the description of its quiver by Geng and Peng [GP], Vatne [Va], we
get some selfinjective algebras, whose stable categories are equivalent to the
singularity categories of each type, see Theorem 4.9. For type E, use the
derived equivalence classification in [BHL1], we get that two cluster-tilted
algebras of Dynkin type E are singularity equivalent if and only if the Cartan
matrices of the algebras have the same determinant and the same trace of
their asymmetry matrices, see Theorem 5.4.
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2. Preliminaries
In this paper, we denote by Sl the self-injective Nakayama algebra of a
cyclic quiver with l vertices modulo the ideal generated by paths of length
l − 1. For a cluster-tilted algebra KQ/I of type A, we denote by t(Q) the
number of the triangles in Q.
2.1. Mutation of algebras. We recall the notion of mutations of algebras
from [La1]. Let Γ = KQ/I be an algebra given as a quiver with relations.
For any vertex i of Q, there is a trivial path ei of length 0; the corresponding
indecomposable projective module Pi = eiΓ is spanned by the images of the
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paths starting at i. Thus an arrow i
α
−→ j gives rise to a map Pj → Pi given
by left multiplication with α.
Let k be a vertex of Q without loops. Consider the following two com-
plexes of projective Γ-modules
T−k (Γ) = (Pk
f
−→
⊕
j→k
Pj)⊕ (
⊕
i 6=k
Pi), T
+
k (Γ) = (
⊕
k→j
Pj
g
−→ Pk)⊕ (
⊕
i 6=k
Pi)
where the map f is induced by all the maps Pk → Pj corresponding to
the arrow j → k ending at k, the map g is induced by the maps Pj → Pk
corresponding to the arrow k → j starting at k, the term Pk lies in degree
−1 in T−k (Γ) and in degree 1 in T
+
k (Γ), and all other terms are in degree 0.
Definition 2.1. [BHL2] Let Γ be an algebra given as a quiver with relations
and k a vertex without loops.
(a) We say that the negative mutation of Γ at k is defined if T−k (Γ)
is a tilting complex over Γ. In this case, we call the algebra µ−k (Γ) =
EndDb(A)(T
−
k (Γ)) the negative mutation of Γ at the vertex k.
(b) We say that the positive mutation of Γ at k is defined if T+k (Γ)
is a tilting complex over Γ. In this case, we call the algebra µ+k (Γ) =
EndDb(Γ)(T
+
k (Γ)) the positive mutation of Γ at the vertex k.
Given a quiver Q without loops and 2-cycles, and a vertex k, we denote
by µk(Q) the Fomin-Zelevinsky quiver mutation of Q at k. Two quivers are
called mutation equivalent if one can be reached from the other by a finite
sequence of quiver mutations. We also denote by ΛQ the corresponding
cluster-tilted algebra.
Proposition 2.2. [BHL2] Let Q be mutation equivalent to a Dynkin quiver
and let k be a vertex of Q.
(a) Λµk(Q) ≃ µ
−
k (ΛQ) if and only if the two algebra mutations µ
−
k (ΛQ)
and µ+k (Λµk(Q)) are defined.
(b) Λµk(Q) ≃ µ
+
k (ΛQ) if and only if the two algebra mutations µ
+
k (ΛQ)
and µ−k (Λµk(Q)) are defined.
Definition 2.3. [BHL2] When (at least) one of the conditions in the propo-
sition holds, we say that the quiver mutation of Q at k is good, since it
implies the derived equivalence of the corresponding cluster-tilted algebra ΛQ
and Λµk(Q).
2.2. Gorenstein algebra and Gorenstein projective module. Let Γ
be a finite-dimensional K-algebra. Let modΓ be the category of finitely
generated left Γ-modules. By D = HomK(−,K) we denote the standard
duality with respect to the ground field. Then ΓD(ΓΓ) is an injective cogen-
erator for modΓ. For an arbitrary Γ-module ΓX, we denote by proj.dimΓX
(resp. inj.dimΓX) the projective dimension (resp. the injective dimension)
of the module ΓX. An Γ-module G is Gorenstein projective, if there is an
exact sequence
P • : · · · → P−1 → P 0
d0
−→ P 1 → · · ·
of projective Γ-modules, which stays exact under HomΓ(−,Γ), and such
that G ∼= Ker d0. We denote by Gproj(Γ) the subcategory of Gorenstein
projective modules.
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Definition 2.4. [AR1, AR2, Ha] A finite dimensional algebra Γ is called a
Gorenstein algebra if Γ satisfies proj.dimΓD(ΓΓ) <∞ and inj.dimΓ Γ <∞.
Observe that for a Gorenstein algebra Γ, we have inj.dimΓ Γ = inj.dimΓΓ,
[Ha, Lemma 6.9]; the common value is denoted by G.dimΓ. If G.dimΓ ≤ d,
we say that Γ is d-Gorenstein.
Let X be a subcategory of modΓ. Then ⊥X := {M |Exti(M,X) =
0, for all X ∈ X , i ≥ 1}. In particular, we define ⊥Γ :=⊥ (proj.Γ), where
proj.Γ is the category of finite generated projective Γ-modules.
Theorem 2.5. [AM, EJ] Let Γ be an artin algebra and let d ≥ 0. Then the
following statements are equivalent:
(1) the algebra Γ is d-Gorenstein;
(2) Gproj(Γ) = Ωd(modΓ), where Ω is the syzygy functor.
In this case, A module G is Gorenstein projective if and only if there is
an exact sequence 0 → G → P 0 → P 1 → · · · with each P i projective, we
have Gproj(Γ) =⊥ Γ.
By Theorem 2.5, we get the following simple observation for 1-Gorenstein
algebras. Indeed, almost all algebras in this paper are 1-Gorenstein.
Remark 2.6. If Γ is 1-Gorenstein, then the Gorenstein projective modules
are just torsionless modules.
Proof. It is easy to see that the Gorenstein projective modules are torsionless
since torsionless modules are submodules of projective modules. On the
other hand, for any torsionless module M , we get an injective morphism
M
f
−→ P , where P is projective, which is complete to a short exact sequence
0→M
f
−→ P
g
−→ N → 0,
it implies M ∈ Ω(Γ). By Theorem 2.5, we get that M is Gorenstein projec-
tive since Γ is 1-Gorenstein. 
For an algebra Γ, the singularity category of Γ is defined to be the quotient
category Dbsg(Γ) := D
b(Γ)/Kb(proj.Γ) [Bu, Ha, Or]. For any two algebras, if
their singularity categories are equivalent, then we call them to be singularity
equivalent.
Theorem 2.7. [Bu, Ha] Let Γ be a Gorenstein algebra. Then Gproj(Γ) is
a Frobenius category with the projective modules as the projective-injective
objects. The stable category Gproj(Γ) is triangulated equivalent to the sin-
gularity category Dbsg(Γ) of Γ.
For this reason, we do not distinguish the singularity category and the
stable category of the Gorenstein projective modules for a Gorenstein alge-
bra.
3. Rooted quiver of type A
Recall that the quiver An is the following direct graph on n ≥ 1 vertices
◦1 → ◦2 → · · · → ◦n.
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The neighborhood of a vertex x in a quiver Q is the full subquiver of Q
on the subset of vertices consisted of x and the vertices which are targets of
arrows starting at x or sources of arrows ending at x.
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Figure 1. The 9 possible neighborhood of a vertex • in a quiver which is
mutation equivalent to An, n ≥ 2. The three at the first row are the possible
neighborhood of a root in a rooted quiver of type A.
Lemma 3.1. [BHL2] Let n ≥ 2. A quiver is mutation equivalent to An if
and only if it has n vertices, the neighborhood of each vertex is one of the
nine depicted in Figure 1, and there are no cycles in its underlying graph
apart from those induced by oriented cycles contained in neighborhoods of
vertices.
Remark 3.2. [BMR2, CCS1, CCS2] Given a quiver Q mutation equiva-
lent to An, the relations defining the corresponding cluster-tilted algebra ΛQ
(which has Q as its quiver) are obtained as follows: any triangle
◦
β
❅
❅❅
❅❅
❅❅
◦
α
??⑦⑦⑦⑦⑦⑦⑦
◦
γ
oo
in Q gives rise to three zero relations βα, γβ, αγ, and there are no other
relations.
Definition 3.3. [BHL2] A rooted quiver of type A is a pair (Q, v) where Q
is a quiver which is mutation equivalent to An and v is a vertex of Q(the
root) whose neighborhood is one of the three in the first row of Figure 1 if
n ≥ 2.
Let Q0 be a quiver, called a skeleton, and let c1, c2, . . . , ck be k ≥ 0 distinct
vertices of Q0. The gluing of k rooted quiver of type A, say
(Q1, v1), (Q2, v2), . . . , (Qk, vk),
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to Q0 at the vertices c1, . . . , ck is defined as the quiver Q obtained from
the distinct union Q0
⊔
Q1
⊔
· · ·
⊔
Qk by identifying each vertex ci with the
corresponding root vi, for 1 ≤ i ≤ k.
Remark 3.4. [BHL2] Given relations I0 on the skeleton Q0, they induce
relations I on the gluing quiver Q, namely by taking the union of all the
relations on Q0, Q1, . . . , Qk, where the relations I0, I1, . . . , Ik on the rooted
quivers of type A are those stated in Remark 3.2. In particular, we also
denote the quotient algebra by ΛQ = KQ/I.
For a rooted quiver (Q, v) of type A, we call a mutation at a vertex other
than the root v a mutation outside the root.
The standard form of a rooted quiver (Q, v) of type A is a rooted quiver
of type A as in the following diagram, consisting of s(Q) lines and t(Q)
triangles with the vertex v as the root.
◦
⑧⑧
⑧⑧
⑧⑧
⑧⑧
◦
⑧⑧
⑧⑧
⑧⑧
⑧⑧
•v // ◦ // · · · // ◦ // ◦
OO
· · · ◦ // ◦
OO
Proposition 3.5. [BHL1] Any two rooted quivers of type A with the same
numbers of lines and triangles can be connected by a sequence of good mu-
tations outside the root.
Proposition 3.6. Let Q be the gluing of k rooted quivers of type A, say
(Q1, v1), (Q2, v2), . . . , (Qk, vk), to Q0 at the distinct vertices c1, . . . , ck. If
µj is a good mutation for any j ∈ Qi other than vi, then Λµj (Q) is derived
equivalent to ΛQ. In particular, Λµj(Q) is a Gorenstein algebra if and only
if so is ΛQ.
Proof. By Proposition 2.2 and the definition of good mutation, we know
that Λµj(Q) is derived equivalent to ΛQ.
By [Ric, Theorem 6.4 ], we get that Kb(proj.Λµj(Q)) is equivalent to
Kb(proj.ΛQ), and by [Ric, Proposition 9.1], we get that K
b(inj.Λµj(Q)) is
equivalent to Kb(inj.ΛQ). [Ha, Lemma 1.5] shows that for any algebra A,
A is a Gorenstein algebra if and only if Kb(proj. A) = Kb(inj. A). So Λµj(Q)
is a Gorenstein algebra if and only if so is ΛQ. 
Let B and C be Gorenstein algebras, M a (B,C)-bimodule and Λ =(
B M
0 C
)
be the upper triangular matrix algebra. Recall that Λ is Goren-
stein if and only if the bimodule M has finite projective dimension both as
left B-module and as right C-module [C1, Theorem 3.3].
Let B = KQ′/I ′ and C = KQ′′/I ′′. Let Q be the quiver glued by Q′, Q′′
as the following picture shows:
r r✲
w vQ′′ Q′
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Let Λ = KQ/I, where I is the ideal generated by I ′ and I ′′. Then Λ is the
upper matrix algebra
(
B M
0 C
)
, where M is projective as B(C)-module
respectively. If B and C are Gorenstein algebras, then Λ is a Gorenstein
algebra.
Lemma 3.7. Keep the notations as above. Then
Gproj(Λ) ≃ Gproj(B)
∐
Gproj(C).
Proof. Recall that any module in modΛ can be identified with a triple(
X
Y
)
φ
, where X ∈ modB, Y ∈ modC, and φ : M ⊗C Y → X is an
B-map.
By Theorem 2.2 in [Zh], we get that
(
X
Y
)
φ
is a Gorenstein projective
Λ-module if and only if φ is monic, X, M ⊗ Y and Coker φ are Gorenstein
projective B-modules, and Y is a Gorenstein projective C-module.
By Theorem 3.3 in [Zh], we get a recollement
Gproj(B)
i∗ // Gproj(Λ)
i!
oo
i∗oo
j∗ // Gproj(C)
j∗
oo
j!oo
where i∗ is given by
(
X
Y
)
φ
7→ Coker(φ); i∗ is given by X 7→
(
X
0
)
; i!
is given by
(
X
Y
)
φ
7→ X; j! is given by Y 7→
(
M ⊗ Y
Y
)
Id
; j∗ is given
by
(
X
Y
)
φ
7→ Y ; j∗ is given by Y 7→
(
PY
Y
)
σ
, where PY is a projective
object in modC such that there is an exact sequence
0→M ⊗ Y
σ
−→ PY → Coker σ → 0
with Coker σ ∈ Gproj(B).
So for any Gorenstein projective Λ-module
(
X
Y
)
φ
, there exists a trian-
gle in Gproj(Λ):
(1)
(
M ⊗ Y
Y
)
Id
→
(
X
Y
)
φ
→
(
Coker φ
0
)
0
f
−→
(
M ⊗ Z
Z
)
Id
,
where Z is a Gorenstein projective B-module such that there is an exact
sequence 0 → Y → QY → Z → 0 with QY is a projective C-module,
Z ∈ Gproj(B). For any C-module Z, M ⊗ Z ∼= ⊕dim ewZPv is projective,
where ew is the idempotent corresponding to the vertex w and Pv is the
indecomposable projective corresponding to the vertex v. Then f factors
through a projective module
(
M ⊗ Z
0
)
, so f = 0 in Gproj(Λ). Thus the
triangle (1) splits. Similarly, we can get that HomGproj(Λ)(Im i∗, Im j!) = 0.
We also get that HomGproj(Λ)(Im j!, Im i∗) = 0 since the adjoint property
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and j∗i∗ ≃ 0. By all of above, we get that Gproj(Λ) ≃ Im i∗
∐
Im j!, and
then
Gproj(Λ) ≃ Gproj(B)
∐
Gproj(C),
since i∗, j! are fully embeddings. 
Corollary 3.8. [Ka] Let Λ = KQ/I be a cluster-tilted algebra of type A.
Then
Gproj(Λ) ≃
∐
t(Q)
modS3,
Proof. By Proposition 3.5, we can assume that Q is in the standard form.
By Theorem 4.1 in [C1], we get that Gproj(Λ) is triangulated equivalent to
Gproj(B), where B is the cluster-tilted algebra of type A as follows
◦
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
◦
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
◦
{{✈✈
✈✈
✈✈
✈✈
✈✈
◦
||①①
①①
①①
①①
①
◦0 // ◦1 //
OO
◦2
OO
· · · ◦t−2 // ◦t−1
OO
// ◦t.
OO
Using Theorem 4.1 in [C1], Gproj(B) is triangulated equivalent to Gproj(C),
where C is the cluster-tilted algebra of type A as follows:
◦
}}④④
④④
④④
④④
④
◦
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
◦
{{✈✈
✈✈
✈✈
✈✈
✈✈
◦
||②②
②②
②②
②②
②
•v1
// ◦1 //
OO
◦2
OO
· · · ◦t−2 // ◦t−1
OO
// ◦t
OO
◦oo
From Table 3 or Lemma 3.3 in [BHL2], we get that the mutation at the
vertex t is a good mutation. Applying the mutation at t, we get that C is
derived equivalent to the cluster-tilted algebra Γ of type A as follows:
◦
}}④④
④④
④④
④④
④
◦
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
◦
{{✈✈
✈✈
✈✈
✈✈
✈✈
◦
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
•v1
// ◦1 //
OO
◦2
OO
· · · ◦t−2 // ◦t−1
OO
◦too // ◦.
OO
Applying Lemma 3.7 and inductively, we get that Gproj(Γ) ≃
∐
t(Q) S3.
So
Gproj(Λ) ≃
∐
t(Q)
modS3.

Theorem 3.9. Let Q be the gluing of k rooted quivers of type A, say (Q1, v1),
(Q2, v2), . . . , (Qk, vk), to Q0 at the distinct vertices c1, . . . , ck. If KQ0/I0 is
a Gorenstein algebra, then KQ/I is also a Gorenstein algebra and
Gproj(KQ/I) ≃ Gproj(KQ0/I0)
∐
t(Q1)+t(Q2)+···+t(Qk)
mod(S3).
Proof. By induction on k, we only need prove that for the case k = 1.
If (Q1, v1) satisfies s(Q) = 3t(Q), then it is as the following diagram shows
◦
}}④④
④④
④④
④④
④
◦
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
◦
{{✈✈
✈✈
✈✈
✈✈
✈✈
◦
||①①
①①
①①
①①
①
•v1
// ◦1 //
OO
◦2
OO
· · · ◦t−2 // ◦t−1
OO
// ◦t.
OO
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Let (Q′1, v1) be the rooted quiver
◦
}}④④
④④
④④
④④
④
◦
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
◦
{{✈✈
✈✈
✈✈
✈✈
✈✈
◦
||②②
②②
②②
②②
②
•v1
// ◦1 //
OO
◦2
OO
· · · ◦t−2 // ◦t−1
OO
// ◦t
OO
◦.oo
Let Q′ be the gluing of rooted quiver (Q′1, v1) to Q0 at c1. Then by Theorem
4.1 in [C1], we get that Dbsg(KQ
′/I ′) ≃ Dbsg(KQ/I).
Let Q′′ be the gluing quiver of rooted quiver (Q′′1 , v1) to Q0 at c1, where
Q′′1 is as follows
◦
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
◦
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
◦
{{✈✈
✈✈
✈✈
✈✈
✈✈
◦
||②②
②②
②②
②②
②
•v1
// ◦0 // ◦1 //
OO
◦2
OO
· · · ◦t−2 // ◦t−1
OO
// ◦t
OO
By Proposition 3.5 and Proposition 3.6, we get that KQ′/I ′ is derived
equivalent to KQ′′/I ′′. From [C1, Theorem 3.3], we get that KQ′′/I ′′ is a
Gorenstein algebra and then so is KQ′/I ′. Furthermore, KQ/I is also a
Gorenstein algebra.
Applying Lemma 3.7 and Corollary 3.8, we get that
Gproj(KQ′′/I ′′) ≃ Gproj(KQ0/I0)
∐
t
mod(S3).
For the other case s(Q1) > 3t(Q1), also by Proposition 3.5, we can assume
that (Q1, v1) is the rooted quiver as the following diagram shows:
◦
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
◦
  
  
  
  
•v1
// ◦1 // · · · // ◦r // ◦
OO
· · · ◦ // ◦
OO
where r ≥ 1 since s(Q1) > 3t(Q1). Then KQ/I is Gorenstein follows from
[C1, Theorem 3.3] immediately. By Lemma 3.7 and Corollary 3.8, it is easy
to see that
Gproj(KQ/I) ≃ Gproj(KQ0/I0)
∐
t
mod(S3).
The proof is complete. 
4. application: cluster-tilted algebras of type D
In order to give the quivers and the relations for the cluster-tilted algebras
of type D, we first recall the following definition.
Definition 4.1. [BHL2] Given integers m ≥ 3, r ≥ 0 and an increasing
sequence 1 ≤ i1 < i2 < · · · < ir ≤ m, we define the following quiver
Q(m, {i1, . . . , ir}) with relations.
(a) Q(m, {i1, . . . , ir}) has m + r vertices, labeled 1, 2, ...,m together with
c1, c2, . . . , cr, and its arrows are
{i→ (i+ 1)}1≤i≤m ∪ {cj → ij , (ij + 1)→ cj}1≤j≤r,
where i+ 1 is considered modulo m.
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The full subquiver on the vertices 1, 2, · · · ,m is thus an oriented cycle of
length m, called the central cycle, and for every 1 ≤ j ≤ r, the full subquiver
on the vertices ij , ij + 1, cj is an oriented 3-cycle, called a spike.
❝
✻
1
i1
s
❅
❅❘
❅
❅
❅■
2
i1+1
s
 
 ✠
c1
s✛ 3
i2
s 
 ✒
 
 
 ✠
4
i2+1
q
i3
s
❅
❅❘
c2
s
❄
✻
5
i3+1
s ✲c3
s6
s 
 
 ✒
m
(b) The relations on Q(m, {i1, . . . , ir}) are as follows:
• The paths ij , ij + 1, cj and cj , ij , ij + 1 are zero for all 1 ≤ j ≤ r;
• For any 1 ≤ j ≤ r, the path ij + 1, cj , ij equals the path ij +
1, . . . , 1, . . . , ij of length m− 1 along the central cycle;
• For any i /∈ {i1, . . . , ir}, the path i + 1, . . . , 1, . . . , i of length m − 1
along the central cycle is zero.
We denote the quotient algebra by KQ(m, {i1, . . . , ir})/I.
Note that by [GP, Va] or seeing Theorem 4.8 in the following directly, we
know that KQ(m, {i1, . . . , ir})/I is a cluster-tilted algebra of type D.
Definition 4.2. Let Q be the quiver of Q(m, {i1, ..., ir}), define the distances
d1, d2, . . . , dr by
d1 = i2 − i1, d2 = i3 − i2, · · · , dr = i1 +m− ir,
and define dQ be the number of the distances where distance is one.
In order to prove the main result of this section, we describe a construction
of matrix algebras which is obtained by X-W Chen in [C2], see also [KN,
Section 4]. Let A be a finite dimensional algebra over a field K. Let AM and
NA be a left and right A-module, respectively. Then M ⊗K N becomes an
A-A-bimodule. Consider an A-A-bimodule monomorphism φ :M⊗KN → A
such that Imφ vanishes both on M and N . Note that Imφ ⊆ A is an
ideal. The matrix Γ =
(
A M
N K
)
becomes an associative algebra via the
following multiplication(
a m
n λ
)(
a′ m′
n′ λ′
)
=
(
aa′ + φ(m⊗ n) am′ + λ′m
na′ + λn′ λλ′
)
.
Proposition 4.3. [C2] Keep the notation and assmption as above. Then
there is a triangle equivalence Dbsg(Γ) ≃ D
b
sg(A/ Im φ).
Then we have the following lemmas which are crucial to prove the main
result of this section.
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Lemma 4.4. Let Q be the quiver of Q(m, {i1, ..., ir}). If the distance dj > 1
for any 1 ≤ j ≤ r, then
Gproj(KQ/I) ≃ mod(Sm),
where I is the ideal generated by the relations defined in Definition 4.1.
Proof. We prove the statement by induction on r.
Firstly, when r = 0, we have nothing to prove.
Secondly, when r > 0, because each distance il−il−1 > 1 for any l modulo
m, without losing generalization, we can assume that Q is as the following
diagram shows.
s
✻
1
j1
s
❅
❅❘
❅
❅
❅■
2
j1+1
s
 
 ✠
c1
s✛ 3
j2
s 
 ✒
 
 
 ✠
4
j2+1
s
❅
❅❘
c2
s
❄
5
s6
s 
 
 ✒
m
β
α
γ
Denote by U = KQ/I, and let ec1 be the idempotent corresponding to the
vertex c1. Let V be the quotient algebra of U module the ideal generated
by ec1 , namely Uec1U . The quiver of V is obtained from Q by removing the
vertex c1 and the adjacent arrows α, β.
Let A = (1 − ec1)U(1 − ec1). Then Kα and Kβ are naturally a left and
right A-module, respectively, since βγ = 0 and γα = 0 in A.
We identify U with
(
A Kα
Kβ K
)
, where the K in the southeast corner
is identified with ec1Uec1 , and A = (1 − ec1)U(1 − ec1). The morphism φ :
Kα⊗KKβ → A maps α⊗β to αβ, so φ is a monomorphism. Furthermore, it
is easy to see that A/ Imφ = V . Then Proposition 4.3 yields a triangulated
equivalence Dbsg(U) ≃ D
b
sg(V ).
Inductively, we can get that Gproj(U) ≃ Dbsg(U) ≃ D
b
sg(Sm) ≃ modSm,
and then Gproj(KQ/I) ≃ Gproj(U) ≃ modSm. 
Lemma 4.5. Let Q be the quiver of Q(m, {i1, ..., ir}). If r < m and there
exists a distance dj0 = 1 for some 1 ≤ j0 ≤ r, then
Gproj(KQ/I) ≃ mod(Sm+dQ),
where I is the ideal generated by the relations defined in Definition 4.1.
Proof. Without losing generalization, we assume that j0 = 1 and dr > 1
since r < m, then the quiver Q is as the following diagram shows.
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s
✻
1
i1
s
❅
❅❘
❅
❅
❅■
2
i2
✲ s
❄
s
 
 ✠
c1
s✛ 3
i2+1
s
 
 
 ✠
4
s
❄
5
s6
s 
 
 ✒
m
By the good mutation of cluster-tilted algebras of type D defined in the
Table 7 IV.1b in [BHL1], we know that the mutation at c1 is good. After
applying the mutation µc1 , we get thatKQ/I is derived equivalent toKQ
′/I ′
where the quiver of Q′ isQ(m+1, {j2, ..., jr}) as the following diagram shows.
s
1
s❅
❅
❅■
2
j2
✲ s
❄
s
 
 ✒
❅
❅■
c1
s✛ 3
j2+1
s
 
 
 ✠
4
s
❄
5
s6
s 
 
 ✒
m
It is easy to see that dQ′ = dQ − 1. If dQ = 1, then each distance dj > 1
for Q′, then
Gproj(KQ/I) ≃ Gproj(KQ′/I ′) ≃ mod(Sm+1),
by Lemma 4.4. Otherwise, if dQ > 1, then there exists a distance dj′ = 1 for
some 2 ≤ j′ ≤ r. We can apply the good mutations of cluster-tilted algebras
of type D same to the above recursively and get that
Db(KQ′/I ′) ≃ Db(KQ′′/I ′′),
where Q′′ is the quiver Q(m+ dQ, {j
′
1, ..., j
′
r′}) with each distance di > 1 for
1 ≤ i ≤ r′. Then Lemma 4.4 yields that
Gproj(KQ/I) ≃ Gproj(KQ′/I ′) ≃ Gproj(KQ′′/I ′′) ≃ mod(Sm+dQ).

Lemma 4.6. Let Q be the quiver of Q(m, {1, ...,m}). Then
Gproj(KQ/I) ≃ mod(S2m),
where I is the ideal generated by the relations defined in Definition 4.1.
Proof. The quiver of Q is as the following diagram shows.
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s s s
cm
✲ ✲
s s
s s
s s
✻
❄
 
 
 
 ✠ ❅
❅
❅
❅■
❆
❆
❆❆❯❳❳❳
❳②✡
✡
✡✣ ❏
❏
❏❫
✁
✁
✁✁✕
✘✘✘✘✾
1
m2
3
· · ·
Furthermore, let KQ′/I ′ be the cluster-tilted algebra of type D with the
quiver Q′ as follows. Note that KQ′/I ′ is the one-point extension alge-
bra of KQ/I by the indecomposable projective module Pcm correspond-
ing to the vertex cm. Then [C1, Theorem 4.1] implies that D
b
sg(KQ/I) ≃
Dbsg(KQ
′/I ′).
s s s s
cm
✲ ✲ ✛
s s
s s
s s
✻
❄
 
 
 
 ✠ ❅
❅
❅
❅■
❆
❆
❆❆❯❳❳❳
❳②✡
✡
✡✣ ❏
❏
❏❫
✁
✁
✁✁✕
✘✘✘✘✾
1
m2
3
· · ·
By the good mutations of cluster-tilted algebras of type D defined in the
Table 7 IV.2b in [BHL1], we get that the mutation at the vertex cm is good.
After applying the mutation µcm, we get the cluster-tilted algebraKQ
′′/I ′′ of
type D with the quiver Q′′ = Q(m+1, {1, . . . ,m}) as the following diagram
shows.
s s s s
m+ 1
✲ ✛ ✲
 
 
 
 ✠
c1
c2
s s
s s
s s
✻ ✻ 
 
 
 ✠
❆
❆
❆❆❯❳❳❳
❳②✡
✡
✡✣ ❏
❏
❏❫
✁
✁
✁
✁✕
✘✘✘✘✾
1
m2
3
· · ·
cm−1
cm
It follows from Lemma 4.5 that
Dbsg(KQ
′′/I ′′) ≃ modSm+1+dQ′′ = modS2m
since dQ′′ = m− 1. Thus
Dbsg(KQ/I) ≃ D
b
sg(KQ
′/I ′) ≃ Dbsg(KQ
′′/I ′′) ≃ modS2m.

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Proposition 4.7. Let Q be the quiver of Q(m, {i1, ..., ir}). Then
Gproj(KQ/I) ≃ mod(Sm+dQ),
where I is the ideal generated by the relations defined in Definition 4.1.
Proof. Note that when r = 0, the result is obvious. Otherwise, we discuss
it in the following two cases.
Case 1: 0 < r < m. First, if each distance di > 1 for any 1 ≤ i ≤ r, then
Lemma 4.4 yields
Gproj(KQ/I) ≃ mod(Sm) = mod(Sm+dQ),
since dQ = 0.
Second, if there exists a distance dj = 1 for some 1 ≤ j ≤ r, then we get
that
Gproj(KQ/I) ≃ mod(Sm+dQ)
by Lemma 4.5.
Case 2: r = m. Then the quiver Q is Q(m, {1, ...,m}), so it follows from
Lemma 4.6 that
Gproj(KQ/I) ≃ mod(S2m) = mod(Sm+dQ)
since dQ = m. 
In order to get the singularity categories of the cluster-tilted algebra of
type D, first we describe the structures of their quivers.
Theorem 4.8. [GP, Va] A cluster-tilted algebra of type D is belong to one
of the following four families, which are defined as gluing of rooted quivers
of type A to certain skeleta.
Type I. The gluing of a rooted quiver Q′ of type A at the vertex c to the
skeleta as in the following picture where both a and b have an arrow to or
from the same vertex c:
r
r
r
❅
❅
❅
 
 
 
a
b
c Q′
Type II. The gluing of two rooted quivers Q′ and Q′′ of type A at the
vertices c′ and c′′ to a skeleton as following:
r r✲
r
r
 
  ✠
❅
❅❅■    ✠
❅
❅❅■
c′′ c′
b
a
Q′′ Q′
Type III. The gluing of two rooted quivers Q′ and Q′′ of type A at the
vertices c′ and c′′ to a skeleton S4 as following:
r r
r
r
 
  ✠
❅
❅❅❘ 
  ✒
❅
❅❅■
c′′ c′
b
a
Q′′ Q′
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Type IV. The gluing of r ≥ 0 rooted quivers Q1, . . . , Qr of type A at the
vertices c1, . . . , cr to a skeleton Q(m, {i1, ..., ir}) as following:
s
✻
1
i1
s
❅
❅❘
❅
❅
❅■
2
i1+1
s
 
 ✠
c1
s✛ 3
i2
s 
 ✒
 
 
 ✠
4
i2+1
q
i3
s
❅
❅❘
c2
s
❄
✻
5
i3+1
s ✲c3
s6
s 
 
 ✒
m
Q1
Q2
Q3
Now, we get the main theorem of this section.
Theorem 4.9. Let Λ be a cluster-tilted algebra of type D.
(a) If Λ is of Type I, then
Gproj(Λ) ≃
∐
t(Q′)
Gproj(S3).
(b) If Λ is of type II, then
Gproj(Λ) ≃
∐
t(Q′)+t(Q′′)+1
Gproj(S3).
(c) If Λ is of type III, then
Gproj(Λ) ≃
∐
t(Q′)+t(Q′′)
Gproj(S3)
∐
Gproj(S4).
(d) If Λ is of type IV, then
Gproj(Λ) ≃
∐
t(Q1)+t(Q2)+···+t(Qr)
Gproj(S3)
∐
Gproj(Sm+dQ),
where dQ is defined for Q(m, {i1, ..., ir}) as in Definition 4.2.
Proof. (a) If Λ is of Type I, then Theorem 3.9 yields
Gproj(Λ) ≃ Gproj(KQ′′)
∐
t(Q′)
mod(S3),
where the underlying graph of Q′′ is
•a •b •c.
It is easy to see that Gproj(KQ′′) = 0, and then
Gproj(Λ) ≃
∐
t(Q′)
Gproj(S3).
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(b) If Λ is of Type II, then Theorem 3.9 yields
Gproj(Λ) ≃ Gproj(KQ′′′/I ′′′)
∐
t(Q′)+t(Q′′)
mod(S3),
where KQ′′′/I ′′′ is a cluster-tilted algebra of type D4 with the quiver Q
′′′ as
the following diagram shows.
r r✲
r
r
 
 
  ✠
❅
❅
❅❅■   
  ✠
❅
❅
❅❅■
c′′ c′
b
a
Then Lemma 4.5 implies that
Gproj(KQ′′′/I ′′′) ≃ modS3.
Thus
Gproj(Λ) ≃
∐
t(Q′)+t(Q′′)+1
mod(S3),
(c) If Λ is of type III, then the proof is similar to the type II, we omit
it here.
(d) If Λ is of type IV, then Theorem 3.9 yields
Gproj(Λ) ≃
∐
t(Q1)+t(Q2)+···+t(Qr)
Gproj(S3)
∐
Gproj(KQ′/I ′),
where KQ′/I ′ is the cluster-tilted algebra of type D with the quiver Q′ as
the following diagram shows.
s
✻
1
i1
s
❅
❅❘
❅
❅
❅■
2
i1+1
s
 
 ✠
c1
s✛ 3
i2
s 
 ✒
 
 
 ✠
4
i2+1
q
i3
s
❅
❅❘
c2
s
❄
✻
5
i3+1
s ✲c3
s6
s 
 
 ✒
m
Proposition 4.7 shows that Gproj(KQ′/I ′) ≃ modSm+dQ since dQ′ = dQ.
Therefore
Gproj(Λ) ≃
∐
t(Q1)+t(Q2)+···+t(Qr)
Gproj(S3)
∐
Gproj(Sm+dQ).

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5. Cluster-tilted algebras of type E
Let A be a finite dimensional algebra over a field K and P1, . . . , Pn be a
complete collection of nonisomorphic indecomposable projective A-modules.
The Cartan matrix of A is then the n × n matrix CA defined by (CA)ij =
dimK HomA(Pj , Pi).
Assume that CA is invertible over Q, which is satisfied by cluster-tilted
algebras of type E [BHL1]. Let SA = CAC
−T
A (here C
−T
A denotes the inverse
of the transpose of CA), known in the theory of non-symmetric bilinear
forms as the asymmetry of CA.
Remark 5.1. [BHL1] The matrix SA = CAC
−T
A is related to the Coxeter
transformation which has been widely studied in the case when A has finite
global dimension. When A is Gorenstein, the matrix SA (if it makes sense)
is integral since the injective modules have finite projective resolutions. By
a result of Keller and Reiten [KR], this is the case for the cluster-tilted
algebras.
Definition 5.2. [BHL1] Let A be a finite dimensional algebra over a field K
and CA its Cartan matrix. If CA is invertible over Q, then we associated a
polynomial to A as the product of the determinant of the Cartan matrix and
the characteristic polynomial of its asymmetry matrix SA, which is called
the associated polynomial of A.
In [BHL1], Bastian, Holm and Ladkani obtained a complete derived equiv-
alence classification for the cluster-tilted algebras of Dynkin type E.
Theorem 5.3. [BHL1] Two cluster-tilted algebras of Dynkin type E are
derived equivalent if and only if their Cartan matrices represent equivalent
bilinear forms over Z. This in turn happens if and only if they have the
same associated polynomials.
According to these, in order to obtain a complete singularity equivalence
classification for the cluster-tilted algebras of Dynkin type E, we only need
compute the singularity category of a representative in each derived equiv-
alence class, since derived equivalences implies singularity equivalences.
Because the derived equivalent classes parameterized by the associated
polynomials [BHL1], we can get the singularity equivalence classes of Dynkin
E in the following tables. For each associated polynomial, we provide a
representative, whose arrows which are displayed without orientation can
be oriented arbitrarily, without changing the singularity equivalence class.
Singularity equivalence classes of Dynkin type E6
The quiver and associated polynomial of A Gproj(A)
r r r r r
r
0
x6 − x5 + x3 − x+ 1
r ✲ r r r
r
❅
❅■
r
❄ mod(S3)
2(x6 − x4 + 2x3 − x2 + 1)
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r r
❅
❅❘ r
✻
r
 
 ✠
❅
❅❘ r
 
 ✠
r
mod(S3)
2(x6 − 2x4 + 4x3 − 2x2 + 1)
r
❅
❅❘ r 
 ✒
r❅
❅■
r
 
 ✠
r
r
mod(S4)
3(x6 + x3 + 1)
r
❄r❍❍❥ r 
 ✒
r❅
❅■
✟✟✙
r
r
mod(S5)
4(x6 + x4 + x2 + 1)
r ✲ r ✲ r
✻
r
 
 ✠
r
❅
❅■
r
❄ mod(S3)
∐
mod(S3)
4(x6 + x5 − x4 + 2x3 − x2 + x+ 1)
Singularity equivalence classes of Dynkin type E7
The quiver and associated polynomial of A Gproj(A)
r r r r r
r
r 0
x7 − x6 + x4 − x3 + x− 1
r ✲ r r r
r
❅
❅■
r
❄ r
2(x7 − x5 + 2x4 − 2x3 + x2 − 1)
r ✲ r r r
r
❅
❅■
r
❄ r mod(S3)
2(x7 − x5 + x4 − x3 + x2 − 1)
r r
❅
❅❘ r
✻
r
 
 ✠
❅
❅❘ r
 
 ✠
r r
2(x7 − 2x5 + 4x4 − 4x3 + 2x2 − 1)
r
❅
❅❘ r 
 ✒
r❅
❅■
r
 
 ✠
r
r r
mod(S4)
3(x7 − 1)
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r
❄r❍❍❥ r 
 ✒
r❅
❅■
✟✟✙
r
r r
4(x7 + x5 − x4 + x3 − x2 − 1) mod(S5)
r✟✟✯
r
❄r❍❍❨ ❍❍❥ r 
 ✒
r❅
❅■
✟✟✙
r r
4(x7 + x5 − 2x4 + 2x3 − x2 − 1)
r ✲ r r
✻
r
 
 ✠
r
❅
❅■
r
❄ r ✲
4(x7 + x6 − x5 + x4 − x3 + x2 − x− 1)
r 
 ✒
❅
❅❘
r
r 
 ✒
r
❅
❅❘
r
✛
❅
❅❘ r
✻
r
 
 ✠
4(x7 + x6 − x5 − x4 + x3 + x2 − x− 1) mod(S3)
∐
mod(S3)
r r
❅
❅❘ r
✻
r
 
 ✠
❅
❅❘ r
 
 ✠
❅
❅❘
r
 
 ✠
r
✻
4(x7 + x6 − 2x5 + 2x4 − 2x3 + 2x2 − x− 1)
r
❅
❅❘ r ✲ r 
 ✒
r❅
❅■
r✛r
 
 ✠ r
mod(S6)
5(x7 + x5 − x4 + x3 − x2 − 1)
r
✻
r ✲ r
❄r✛
r
  ✠ ❅❅■
✲ r
  ✠
r
❅❅■
✲
1 4
2 5
3 6 7
A104 mod(S7)
6(x7 + x5 − x2 − 1)
r
❅
❅❘ r 
 ✒
r❅
❅■
r
 
 ✠
r
❅
❅❘ r
✻
r
 
 ✠
mod(S3)
∐
mod(S4)
6(x7 + x6 − x4 + x3 − x− 1)
r
❄r❍❍❥ r 
 ✒
r❅
❅■
✟✟✙
r
❅
❅❘ r
✻
r
 
 ✠
mod(S3)
∐
mod(S5)
8(x7 + x6 + x5 − x4 + x3 − x2 − x− 1)
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Singularity equivalence classes of Dynkin type E8
The quiver and associated polynomial of A Gproj(A)
r r r r r
r
r r 0
x8 − x7 + x5 − x4 + x3 − x+ 1
r ✲ r r r
r
❅
❅■
r
❄ r r
2(x8 − x6 + 2x5 − 2x4 + 2x3 − x2 + 1)
r ✲ r r r
r
❅
❅■
r
❄ r r mod(S3)
2(x8 − x6 + x5 + x3 − x2 + 1)
r r
❅
❅❘ r
✻
r
 
 ✠
❅
❅❘ r
 
 ✠
r r r
2(x8 − 2x6 + 4x5 − 4x4 + 4x3 − 2x2 + 1)
r
❅
❅❘ r 
 ✒
r❅
❅■
r
 
 ✠
r
r r r
mod(S4)
3(x8 + x4 + 1)
r
❄r❍❍❥ r 
 ✒
r❅
❅■
✟✟✙
r
r r r
4(x8 + x6 − x5 + 2x4 − x3 + x2 + 1) mod(S5)
r✟✟✯
r
❄r❍❍❨ ❍❍❥ r 
 ✒
r❅
❅■
✟✟✙
r r
r
4(x8 + x6 − 2x5 + 4x4 − 2x3 + x2 + 1)
r ✲ r r
✻
r
 
 ✠
r
❅
❅■
r
❄ r r ✲
4(x8 + x7 − x6 + x5 + x3 − x2 + x+ 1)
r ✲ r ✲ r
✻
r
 
 ✠❅
❅■
r
❄ r r 
 
r
4(x8 + x7 − x6 + 2x4 − x2 + x+ 1) mod(S3)
∐
mod(S3)
r r
❅
❅❘ r
✻
r
 
 ✠
❅
❅❘ r
 
 ✠
r
❅
❅❘ r
✻
r
 
 ✠
4(x8 + x7 − 2x6 + 2x5 + 2x3 − 2x2 + x+ 1)
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r
❅
❅❘ r ✲ r 
 ✒
r❅
❅■
r✛r
 
 ✠ rr
mod(S6)
5(x8 + x6 + x4 + x2 + 1)
r
❄r❍❍❥ r ✲
r✛✟✟✙
r
r
r 
 ✒
r❅
❅■
A15
mod(S7)
6(x8 + x6 + x5 + x3 + x2 + 1)
r
❅
❅❘ r 
 ✒
r❅
❅■
r
 
 ✠
r
❅
❅❘ r
✻
r
 
 ✠r
mod(S3)
∐
mod(S4)
6(x8 + x7 + 2x4 + x+ 1)
r
❄r❍❍❥ r 
 ✒
r❅
❅■
✟✟✙
r
❅
❅❘ r
✻
r
 
 ✠r
mod(S3)
∐
mod(S5)
8(x8 + x7 + x6 + 2x4 + x2 + x+ 1)
r ✲ r r
✻
r
 
 ✠
r
❅
❅■
r
❄ r
✻
r
 
 ✠ ✲
∐
3mod(S3)
8(x8 + 2x7 + 2x4 + 2x+ 1)
In fact, if A is the representative of type E7 with the associated polynomial
6(x7 + x5 − x2 − 1), which is denoted by A104 in the second table above,
then [C1, Theorem 4.1] implies that A104 is singularity equivalent to A319
which is a cluster-tilted algebra of type E8 [GP], whose quiver is as the
following diagram shows. Since the associated polynomial of A319 is 6(x
8 +
x6+x5+x3+x2+1), or seeing the supplementary material [La2], we get that
A319 is derived equivalent to A15 in the third table above. So GprojA104 ≃
GprojA319 ≃ GprojA15 ≃ modS7. Furthermore, the representatives of the
other derived equivalence classes can be viewed as gluing of rooted quivers
of type A to certain skeleta which is a cluster-tilted algebra of type A or D,
their singularity categories can be obtained by Theorem 3.9 and Theorem
4.9 directly.
s
✻
s ✲ s
❄s✛
s
 
 ✠ ❅
❅■
✲ s
 
 ✠
s
❅
❅■
✲
1 4
2 5
3 6 7
s
✻
8
A319
From the above tables, we get the following result.
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Theorem 5.4. Two cluster-tilted algebras of Dynkin type E are singularity
equivalent if and only if the Cartan matrices of the algebras have the same
determinant and the same trace of their asymmetry matrices.
Proof. We only need prove that for any cluster-tilted algebra A of Dynkin
type E, its singularity category is uniquely determined by det(CA) and
the traces χA of its asymmetry matrix. By a simple observation of the
three tables above, we can get the following table, and from it, our desired
statement follows immediately.
det(CA) χA Gproj(A)
1 0 0
2 0 mod(S3)
3 0 mod(S4)
4 0 mod(S5)
4 1 modS3
∐
modS3
5 0 mod(S6)
6 0 mod(S7)
6 1 modS3
∐
modS4
8 1 modS3
∐
mod(S5)
8 2 modS3
∐
modS3
∐
modS3

Corollary 5.5. For any cluster-tilted algebra A of Dynkin type E, there
exists some selfinjective Nakayama algebra Λ such that Gproj(A) ≃ mod(Λ).
In particular, the number of the nontrivial connected components of Λ is
χA + 1.
Proof. Note that the Auslander Reiten quiver of modSi is connected for
any i ≥ 3. We get that the connected components of Λ correspond to the
connected components of mod(Λ) and also Gproj(A) since they are invariant
under the triangulated equivalences. So the result follows from the table
above in the proof of Theorem 5.4 easily. 
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